We consider a special theory of massive gravity, which is obtained in a decoupling limit from a bigravity theory in the vielbein formulation, with only cosmological constant-like interactions between the two gravitational sectors. We investigate this theory using the Stückelberg method, and construct a 't Hooft-Feynman gauge fixing in which the tensor, vector and scalar Stückelberg fields are decoupled. We prove that this model has the softest possible ultraviolet behavior which can be expected from any generic (Lorentz invariant) theory of massive gravity, namely that it becomes strong only at the scale Λ 3 = (m 2 g M P ) 1/3 . Finally, we confirm that also this model is plagued by a ghost instability, which, in the Stückelberg formalism, arises from quartic scalar-vector and scalar-tensor interactions.
Introduction and Discussion
Motivated by the observed accelerated expansion of the universe [1] , and by the theoretical difficulties in ascribing it to a cosmological constant, there has been considerable activity in modifications of gravity at large scales in the past years. For instance, an accelerated expansion can be achieved in bi-gravity models [2] , in models in which the Lorentz symmetry is broken by the gradient of a field [3] , or in four dimensional models embedded in extra dimensions, as the self-accelerating DGP branch [4] [5] [6] . Some of these proposals have similar properties to massive gravity, which is probably the most straightforward and best studied modification of general relativity.
At the linearized level, massive gravity is obtained by adding to the Einstein-Hilbert action a mass term for the metric perturbations h µν = g µν − η µν . The quadratic Lagrangian for this massive spin-two tensor field is given by [7] 
where h = η µν h µν is the trace of the metric perturbation. There is a very stringent experimental bound on the graviton mass: m g ≤ 7 × 10 −41 GeV [8] , which is close to the inverse of the size of the observable universe. As already observed by Fierz and Pauli (FP) [7] the relative sign between the two mass terms is fixed uniquely by the requirement of having a ghost-free Lorentz-invariant theory. 4 The massless linear theory m g = 0 can be uniquely extended beyond quadratic order using the requirement of general covariance leading to the familiar Einstein-Hilbert action. But because the mass term breaks covariance, it has no unique non-linear extension. Covariance can be restored by introducing additional degrees of freedom, as for instance it is done by the Stückelberg method [10] . Another approach is to introduce a second metric into the theory [2, 11, 12] . When one of the two metrics obtains a background expectation value, a mass term for the other metric is generated. Even though such bi-gravity theories are covariant, their completion of the Fierz-Pauli mass term is far from unique because one can write down an infinite set of invariant non-linear interactions between the two metrics.
It is possible to obtain more uniquely defined bi-gravity theories: Ref. [12] considers a bi-gravity model described in terms of the vielbeins (tetrads), rather than metrics. Besides Einstein-Hilbert actions for both sectors it includes all possible cosmological constant like terms, that can be written down using these two vielbeins. By insisting on parity symmetries for both vielbeins separately, this theory is described by five parameters: two Planck masses and three cosmological constants. It is of course formally equivalent, whether one uses metrics, or their square roots, the vielbeins, but in the vielbein formulation the model of ref. [12] is very natural, while in the metric formulation the interaction appears as an unmotivated power series of the two metrics.
The model [12] has two spin-two fields, one of which is massless, while the other has a mass term of the FP form (1) . The model admits a limit in which the massless mode decouples, while the massive one couples universally to matter. The goal of the present paper is to study the model of massive gravity which results in this limit beyond the linearized level, and to compare our results with those obtained for generic massive gravity theories. In particular we want to investigate two important issues: When does this massive gravity theory become strong? And is the theory plagued with a ghost at the non-linear level? In the following paragraphs we describe these questions in more detail. In
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A massive gravity theory described in the vielbein formalism
In this Section we outline the model of massive gravity that will be studied in this paper. This model is obtained by considering a specific limit of the bi-gravity theory introduced in [12] . One starts from the two metricsg + µν andg − µν , which we rewrite in terms of two vielbeinsẽ + µm andẽ − µm , using the standard definitiong
The action for the model is
The two gravitational sectors are characterized by the two ''Plank masses" M ± and the cosmological constants Λ 0 and Λ ± . 5 The double covariance of the model is broken by the last term, where we have introduced the notation
with ǫ abcd being the totally anti-symmetric Levi-Civita tensor. (Some useful properties of the product (4) are collected in appendix A.) This coupling term is a generalization of the measure, since A 4 = |A| = det(A) , and can be loosely referred to as a "mixed cosmological constant term". By formally inverting (2), we could have equivalently expressed it in terms of the two metrics. However, the resulting expression would appear as a complicated and unmotivated power series of the two metrics. This bi-gravity model admits de Sitter and Minkowski backgrounds, where the ratio between the two vielbeins remains constant [12] . We can show that this without the need to solve directly the field equations. Indeed, after the conformal rescaling
the action (3) can be cast into the form
where R ± is the scalar curvature obtained from e ± and
5 As we see below Λ0 needs to be positive to avoid a tachyonic mass for the graviton.
Both Λ ± are bounded from below in order to avoid H 2 from becoming imaginary. It is now immediate to see, that the model admits solutions, for which e + µm = e − µm describe a Minkowski, (Anti-)de Sitter, or Schwarzschild-(Anti-)de Sitter geometry. This is due to two facts: Firstly, the "mixing" term is quadratic in e + µm − e − µm , so that, as long as the two rescaled vielbeins are equal, it does not contribute to the field equations. And secondly, that the constant H is found to be the same for both sectors. This extends the Minkowski and de-Sitter solutions found in [12] by directly solving the field equations.
Let us now proceed to the study of the spectrum of the model for the Minkowski background. We set
and we expand the action (3) at the quadratic level in the perturbations f ± µν . The resulting action is not diagonal in terms of these two modes; however, it can be diagonalized through the redefinition
The mode f 0 µν is massless, while f µν has a Fierz-Pauli mass m g , which is related to the cosmological constant Λ 0 by 6
The Planck mass M P (as obtained from the kinetic terms) is found to be identical for both gravitons. The graviton mass m g vanishes for Λ 0 = 0 , as a consequence of the enlarged covariance. The massless graviton decouples in the limit of either M + → ∞ (with finite M − ), or M − → ∞ (with finite M + ). Both the Planck and graviton mass appearing in (10) are finite in these limits, so that the quadratic actions for the massless and massive modes remain finite. However, all the nonlinear interactions involving the massless mode f 0µν vanish in either limit. For instance, in the first limit, we have at leading order f + ∝ f 0 /M + , f , and f − ∝ f 0 /M + , f /M 2 + (suppressing for shortness the tensorial indices). Therefore, writing the original action (3) in terms of f and f 0 , we see that any term containing the massless mode is suppressed by a negative power of M + , and therefore vanishes as M + → ∞ . The only exception is the quadratic kinetic term from the + sector, which results in a finite kinetic term for the massless graviton with the Planck mass (10). In this limit, the massive graviton is identified with f − , and a theory of a single massive graviton is obtained by coupling all matter fields in the − sector. Obviously, an analogous situation is obtained in the other limit.
From now on, we study the theory in either of the two (equivalent) limits, by ignoring the decoupled massless graviton. We also restrict our attention to the Minkowski background. For instance, in the M + → ∞ limit, this givesẽ + µν = c η µν ,ẽ − µν = c −1 e µν = c −1 (η µν + f µν ) , and the action (3) reduces to
where we have denoted by g µν the metric associated to the vielbein e µν . This limiting theory describes a single massive graviton and is characterized by the two finite parameters M p and m g , where the latter gives an explicit breaking of general coordinate covariance.
Let us discuss to what extend the cosmological constant-like term in (11) is unique. The specific choice of the action (11) is obtained by imposing the reflection symmetry e µm → −e µm , and by requiring that the Minkowski background e µν = η µν is a solution. Indeed, from this last requirement, we see that the second term must factorize the (e − η) 2 combination, and then the second factor simply follows from the reflection symmetry. This specifies the action (11) uniquely among the several interaction terms which may constructed starting from the vielbein, the Minkowski background, and the product (4).
However, there is still a large arbitrariness in this procedure, given by the choice of the background term. In the action (11) we chose it to be equal to the Minkowski background η µν in Cartesian coordinates. But, already choosing it to be the Minkowski metric in spherical coordinates would result in a different theory, since this term explicitly breaks covariance. We can also obtain more general solutions, starting from a different background metric e b µν in the action (11) , and adding the corresponding source term which would lead to that solution in the standard case since the "mass term" is quadratic in e µν − e b µν , it would not affect the validity of the solution. However, for definiteness, in the remainder of this paper we will only consider the case where the background is Minkowskian using Cartesian coordinates.
The interaction term in (11) constitutes a particular completion of the FP mass term. Inserting the expression e µν = η µν + f µν (12) in the second term of (11) gives
where [f n ] is the trace of η −1 f n . We stress that this expression is exact (rather than just a perturbative expansion to fourth order). These combinations, which arise from the angular bracket interaction defined above (see Appendix A), lead precisely to a sum of the "total derivative terms" defined in [18] . These specific combinations have the property that no interactions involving only the Stückelberg scalars appear in the action (before Weyl rescaling). We see that the disappearance of such interactions is an automatic property of the product (4). In the remainder of the paper we discuss the effects of the nonlinear interactions in setting the scale at which the model becomes strong and giving rise to a ghost state.
Stückelberg fields
We investigate the graviton interactions in the model outlined in the previous Section. Nonlinear interactions of massive gravity can be most easily studied through the Stückelberg formalism, developed in ref. [10] . To do so for our model, we first have to formulate the Stückelberg formalism in terms of the vielbein, rather than the metric (as done in [10] ). In this Section we describe this computation in some detail.
The Stückelberg formalism consists in performing a series of transformations in the action (11) , and in promoting the parameters of these transformations to new fields. These fields appear in the new action together with additional symmetries, so that the original action can be recovered with a particular gauge choice. However, we can also choose alternative gauges in the new action, where the nonlinear interactions can be computed more easily.
More specifically, we start from a symmetric vielbein perturbation f µm , and perform a general coordinate transformation x → y = y(x) combined with a local Lorentz transformation, withLη −1LT = η . Performing these transformations into the action (11) results in the replacements
We note that, even though e µm is assumed to be symmetric, e ′ µm is certainly not automatically symmetric. While the first term of (11) is invariant under these combined transformations, the whole action transforms into the Stückelberg form
where e ′ µm has been defined in (14) . Notice that (14) introduces the Jacobian in front of the cosmological constant term.
The parameters in the local Lorentz transformations are not dynamical, therefore they can be integrated out using their algebraic equations of motion. Writinḡ
where b µν is anti-symmetric, we expand the action (15) to first order in b :
Using the property (A.1), it is immediate to verify that the first term in (17) vanishes, due to the antisymmetry of b mn . Using (A.3), the remaining term rewrites
where we have used the notation [e ′ ] for the trace, see below (13) . This contribution vanishes if e ′ is symmetric, and thereforeL = L is an on-shell solution. This symmetry of e ′ together with the requirement that L is a local Lorentz transformation,
determines L uniquely in terms of the other fields. See Appendix B for a perturbative construction of L. The freedom in the choice of its sign is fixed by requiring, that L = 1 1 if (∂x/∂y)e is symmetric. Therefore, after we solve eqs. (19) for L, and we substitute the solution back into (15), we are left with an action which explicitly depends only on the three dynamical fields f µν , a µ , and φ . The latter two fields are obtained by decomposing
into the spin-zero, φ , and spin-one, a µ , polarizations of the massive graviton (this decomposition introduces an additional U (1) gauge symmetry in the theory). These fields are the starting point for the Stückelberg analysis of the nonlinear interactions performed in the next Sections.
To summarize the Stückelberg formalism we have employed in this Section: In general, there are more degrees of freedom in the vielbein than in the metric, which are compensated by the local Lorentz transformations. This means that in the Stückelberg description additional fields are introduced for both the general coordinate transformations and the local Lorentz transformation. But contrary to the Stückelberg fields associated with the general coordinate transformations, the ones of the local Lorentz transformations are always auxiliary (i.e. non-dynamical) fields. When we enforce their field equations, we ensure that the composite vielbein e ′ , defined in (14) , remains symmetric also after the Stückelberg fields a µ and φ have been introduced. Hence the number of physical degrees of freedom in the vielbein formulation is the same as in the metric formulation discussed in [10] .
Graviton and Stückelberg propagators
The aim of this Section is to compute the propagators of the massive gravity theory defined in Section 2 using the Stückelberg field decomposition discussed in the previous Section. As usual the propagators can be read off from the quadratic action in the perturbations. However, we will encounter a few complications: First of all, the scalar φ obtains a regular kinetic term only after a Weyl rescaling of the graviton field [10] . A second difficulty is that, before inverting the kinetic operator, we need to fix the general coordinate covariance and the additional U (1) gauge symmetry generated by the Stückelberg procedure. Even after the Weyl rescaling, the tensor f µν , the vector a µ and the scalar φ mix with each other at the quadratic level (so that they cannot be used as such to describe independently propagating degrees of freedom). In the following we show how the last two problems can be solved together by choosing 't Hooft-Feynman-like gauge fixing terms.
At quadratic order in f µν , a µ , φ the action (15) is computed using (A.3) and the second order expansion of the matrix L −1 given in (B.11). The result takes the rather complicated form
The sign of the kinetic term of the vector a µ is the standard one (had the sign of the mass term in (11) been opposite, a µ would have been a ghost). The last two terms on the second line of (21) are the only two in which the scalar φ appears, and are not regular kinetic terms for a scalar. Following [10] we perform the linearized Weyl rescaling
of the graviton, to obtain a regular kinetic term for the scalar φ . The quadratic action (21) becomes
Even though we now have obtained a regular kinetic term for the scalar φ, this action is still rather complicated and contains quadratic interactions between the three fields f µν , a µ , and φ . In addition, this action (23) is invariant under the (linearized) general coordinate transformations and a U (1) gauge symmetry
These gauge symmetries can be fixed by using the following gauge fixing functionals:
Indeed, under the combined gauge transformations (24) these functionals transform as
Note that at this order Θ µ only transforms under general coordinate transformations, while Θ only under the U (1) symmetry. This shows that by suitable gauge transformations these gauge fixing functionals can be made equal to any prescribed functions. When one performs an analysis at the level of equations of motions, it is most convenient to simply set both functionals Θ µ and Θ to zero. However, since in this Section the aim is to obtain simple forms for the propagators, we employ the gauge fixing functionals (25) to define the gauge fixing action
The use of these gauge fixing functionals can be viewed as a generalization of the 't Hooft R ξ gauges in spontaneously broken gauge theories. In principle, we can allow for arbitrary normalizations in front of each of the terms in (25): As long as they are suitably chosen the tensor, vector and scalar modes remain decoupled at the quadratic level. However, in this "Feynman" gauge, the gauge fixed action reduces to the simplest form
Hence in the gauge defined by (27) the different spin states f µν , a µ and φ are decoupled, and all have the same mass. In this gauge all components of these fields are dynamical. This action is very convenient: It is immediate from (28) that the field redefinitionŝ
1.a 1.b normalizes the fields canonically. Also the propagators for the graviton ∆ µν ρσ , the vector field ∆ µ ν and the scalar ∆ become very simple
These propagators can be obtained from massless propagators in the Feynman gauge by the straightforward substitution: p 2 → p 2 + m 2 g . Even though the determination of the propagators here was performed in the vielbein formulation, it is obvious that it extends immediately to metric perturbations h µν as well, since at the linearized level one simply has h µν = 2f µν . Thus, this computation provides the gauge fixing, which was not explicitly given in ref. [10] .
Dominant interactions at high energies
After the discussion of the quadratic action and propagators, we now turn to the interactions of this massive gravity theory. The interactions of any massive gravity theory are rather involved, because there are many of them, and they all possess a rather complicated tensorial structures. Moreover, the interactions have a polynomial momentum dependence, and become non-perturbative at some "large" energy scale (in this context, "large" is defined with respect to the graviton mass). Therefore it is useful to classify which interactions are the dominant ones at high energies.
As we reviewed in Section 3, in the Stückelberg formalism the vector a µ enters in the "pion" field with one derivative, while the scalar φ with two derivatives. Therefore, barring cancellations, the scalar couplings will be in general the largest at high energies. As was noted in [10] , the φφ → φφ scattering generally becomes strong at the scale Λ 5 = (m 4 g M P ) 1/5 . This scale falls into the regular pattern of scales defined by
where p can be integer or half integer (notice that Λ p is a decreasing function of p). All interactions that become strong at scale Λ 3 or below are grouped in table 1. In particular, the scale Λ 5 appears in φφ → φφ scattering by combining two three-scalar interactions. It was also shown in [10] that the scale at which this scattering becomes strong can at most be raised to Λ 3 . For a generic model of massive gravity, they sketched a procedure to obtain a suitable set of counter terms. We show that the model we are considering automatically satisfies this property.
To give a detailed discussion, we divide the presentation in three Subsections. The first one proves that our model does not have any interactions with either only scalars or at most one vector. In the second Subsection we show that all tree level processes become strong at a scale which is greater or equal to Λ 3 . In the final Subsection we explicitly compute φφ → φφ scattering, as an example, and show that it is possible to extend the model such that this amplitude vanishes all together.
Absence of interactions with only scalars or at most one vector
In the next two Subsections we want to show that our theory does not become strong below the scale Λ 3 . Here we prove that the most dangerous interactions, which have the schematic forms (∂ 2 φ) n and (∂ 2 φ) n (∂a) , are all absent in our model. In these subsections we consider the scalar interactions before Weyl rescaling: The additional scalar interactions introduced by the Weyl rescaling will have an additional factor m 2 g from (22), and have therefore the same strength as tensor interactions. The interaction term of (15) can be written as
where we have introduced the short-hand notation
where y ν is expressed by (20) in terms of a µ and φ. In the following, it is often useful to be able to resort to matrix notation to suppress the indices. Aside from the Minkowski metric η, its perturbation f and the Lorentz transformation L (which are matrices by definition), we encode the derivatives of y into the matrices π = ∂y ∂x
where Φ µν = φ ,µν , A µν = a µ,ν and F µν = ∂ µ a ν − ∂ ν a µ is the U (1) field strength. (For us π is defined strictly by the matrix equation (34); our definition differs slightly from the conventions used in ref. [10] .) Now let us first consider interactions with only scalar fields. To single out from (32) the interactions (∂ 2 φ) n , we can simply replace Π µν → η µν + Φ µν and set both L µν and e µν equal to the Minkowski metric η µν (ignoring the vector and tensor contributions). We can take L µν = η µν because in this case e ′ is automatically symmetric. This gives
where we have employed the matrix notation defined in (34). All these terms vanish upon partial integration: For example, for the first term we obtain
where we have used the definition (4) and the anti-symmetry of the ǫ abcd tensor. Similar arguments also apply to the other two terms. Hence, all the interactions of the form (∂ 2 φ) n vanish. Equivalently this result can be obtained by going to momentum space and realizing that then all matrices are of the form (A.5) for which the angular bracket vanishes as is proven in Appendix A. As anticipated below (13) , this shows that all these pure scalar higher derivative interactions naturally vanish, which was the motivation in ref. [18] to consider these combinations. Also the interactions of the schematic form (∂ 2 φ) n (∂a) vanish. To see this, we employ the matrix notation (34), and we again set e = η in the interaction term (32). We first observe that all the terms which are linear in F vanish. This is due to the fact, that all the other tensorial structures which would multiply F , namely η or Φ, are symmetric, while F itself is anti-symmetric. Therefore, we can set both f µν and F µν to zero, without losing the term that we are looking for. Doing so, we have a symmetric pion matrix, π = Φ + A T . The final step is to single out from this expression the terms which are linear in the vector field. It is clear that they are of the form AΦ n η 3−n . Using a similar partial integration procedure as for the terms Φ n η 4−n presented above (or again using (A.5) in momentum space), it is easy to verify that also such terms vanish.
All interactions becomes strong at scale Λ 3 or above
We now show that there are no scattering amplitudes that become strong at a smaller scale than Λ 3 . We only analyze the theory at the classical level, in particular, we do not consider loop graphs. We first consider the S-matrix elements that correspond to diagrams that contain a single vertex V ng,na,n φ , with n g tensor, n a vector and n φ scalar external legs. 7 Taking into account that at a vertex there is momentum conservation encoded in a single overall four dimensional momentum delta function, which scales as 1/E 4 (where E is the energy in the scattering), we see that such vertex scales as
where the E in parenthesis arise from derivatives (scalars enters in the Stückelberg formalism with two derivatives, while vectors with one), and the denominators arise from the canonical normalization.
To understand at which energy E such process becomes strong we need to compute the scaling of the corresponding S-matrix element S ng,na,n φ , in which we integrate over all possible external momenta. Because the external particles are all on-shell, we integrate over Figure 1 : This diagram displays the three diagrams that contribute to the four scalar scattering at the scale Λ 3 , which result from (45). In the first diagram the scalar φ is exchanged, while in the second diagram the gravitonf µν is the mediating particle. The last diagram results from the four point interactions of scalars.
Hence, we showed that, in this model, all n−leg interactions with a single vertex become strong at the scale Λ 3 or higher. Finally, let us discuss tree diagrams that contain more than one vertex. Such diagrams can be obtained recursively by combining tree level diagrams with less vertices inside. Whenever we combine two such diagrams, we loose two external lines, and hence two factors of E 2 in the S-matrix. At the same time we gain a factor E 2 in the amplitude, since we have an additional momentum integral over a propagator:
(Because we consider tree diagrams all momenta inside a given diagram are fixed by momentum conservation.) Therefore, the scaling of the S-matrix element of the combined diagram is the same as of the original two disconnected diagrams. We can repeat this argument recursively, as we split any tree level diagram in a series of single vertex diagrams. Since we already saw that all single vertex scatterings become strong at least at the scale Λ 3 , this argument shows that this is the case for any tree level scatterings. 8 
Can the φφ → φφ scattering amplitude vanish?
The interaction vertices given in Subsection 5.1 can be employed to obtain several four-point amplitudes which (if not vanishing) all become strong at the scale Λ 3 . These amplitudes correspond to the scattering processes φφ → φφ , φf → φf , aφ → aφ , aa → aa , and φf → aa , plus the crossed processes. As an example, we compute the φφ → φφ scattering at tree level. In particular, we want to investigate whether it is possible to have a model where the full leading φφ → φφ scattering vanishes at tree level.
As will become clear below, the amplitude for φφ → φφ does not vanish in the model (11) . Therefore, we consider the slightly generalized interaction term
where the real parameters α and β are arbitrary. The normalization factor 4 + α + β in (44) is chosen such that m 2 g still represents the graviton mass. Note that for α = β = 0 we recover the terms in eq. (11), which is symmetric under reflection of the vielbein. (Also in this more general model, the interactions which can potentially become strong at a scale lower than Λ 3 vanish for the same reasons we have discussed in the previous Subsections.) To be able to directly compare various scattering amplitudes, we use the canonically normalized fields defined in (29). The leading interactions of the action (44) can be expressed as
where we have defined the parameters
To obtain these interactions we first performed a Stückelberg transformation to the action (44), we then expanded it up to first order in f and fourth order in π, and we finally performed the linearized Weyl rescaling. To single out only the leading terms, we then substituted π = A + Φ and kept only those terms with the highest power of Φ, since they contain the greatest number of derivatives. In this way, we found the expansion (B.13) given in Appendix B for Π defined in (33). Finally we worked out the brackets . . . in terms of traces [. . .] , using the identities of Appendix A. This fourth order leading expression is rather involved for generic values of a and b. However, notice that if a = 2b the entire third and fourth lines of (45) vanish. In particular, there are no pure scalar interactions anymore. This is also the case for the model (11) , with a = b = 0, which we are mostly concerned with in this paper. However, if in addition b = −1/3, also the second line and the last term on the last line vanishes, and only three different interactions survive: one two-scalar vector interaction and two two-scalar two-vector interactions. In particular there are no interactions with tensors left. Hence the only possible four-point scatterings involve two scalars and two vectors. We compute the leading tree level φφ → φφ scattering which becomes strong at the scale Λ 3 for generic values of a and b, using the leading expansion (45). The process is described by the three diagrams shown in figure 1 . The computation of these diagrams is a straightforward exercise in Feynman graph computations and therefore only the result is given here. We neglect the graviton mass against the external and internal momenta of the scattering. In terms of the standard Mandelstam variables s, t and u, the amplitude reads
The three terms correspond to the diagrams 1.a, 1.b, and 1.c, given in figure 1, respectively. The total amplitude expressed in terms of the center of mass energy E equals
where θ defines the angle between the momenta of an ingoing and an outgoing particle in the center of mass frame. We see that, besides the special point a = 2b = −2/3, there is a whole parabola a(b) = 2b + (1 + 3b) 2 /8 such that the full tree level φφ → φφ scattering vanishes at the scale Λ 3 . We emphasize that this four-point scalar scattering alone is not sufficient to understand the strong coupling dynamics of massive gravity theories, and of our model in particular.
The sixth (ghost) state
It is well-know that theories of massive gravity develop an instability at the non-linear level. This instability shows up as a sixth state, which in fact turns out to be a ghost. There are two established ways in which the existence and the properties of a sixth state in massive gravity theories can be investigated. We will first make use of the ADM formalism, which provides an easy way to confirm the existence of the sixth state. After that, we make a digression on ghosts in general, and we then apply this to the Stückelberg description of our massive gravity theory. This will show that, in the present model, the ghost arises at quartic order through scalar-vector and scalar-tensor interactions.
ADM analysis of the sixth state
The counting of number of degrees of freedom can be done conveniently using the ADM formalism. In this formalism, the metric is written as
Only the spatial metric components (g 3 ) ij = η ij + h ij are dynamical, which would mean that there are six degrees of freedom. The lapse N = 1 + δN and shift functions N i do not appear with time derivatives in the action, and hence they are auxiliary fields. In fact, N and N i appear only linearly in standard Einstein gravity, and are therefore Lagrange multipliers forcing four constraints. This leads to two polarizations for the massless graviton. The counting in a massive gravity theory is different because the Fierz-Pauli mass term (or any Lorentz invariant generalization) contains a N 2 i term. This means that the N i do not enforce constraints anymore, so that the number of degrees of freedom is now at least five, which is the right number to describe a massive spin-two particle. However, it was noted in [16] that there exists a sixth degree of freedom in massive gravity theories. The Fierz-Pauli choice for the mass term prevents the propagation of this mode at the quadratic level [7] , because no terms proportional to δN 2 arise, but they reappear at higher orders, therefore resulting in a sixth state [16] . By considering various completions of the Fierz-Pauli mass, it can be shown that this sixth degree of freedom can never be avoided at the quartic level in the fields [18] . Hence, the ADM method is useful to quickly verify the existence of this sixth state. However, it is not the most convenient way to determine its nature.
Let us focus on the model given in eq. (44), which reduces to (11) for a = b = 0 . Expanding up to quartic order in δN , N i and h ij , the terms which contain at least one δN are
We see that -up to cubic order in the perturbations -the field δN enters only linearly in the action, so that the ghost field appears only at quartic order. Ref. [18] gives some conditions under which the sixth state does not show up at the cubic level. We have checked that the model, we are studying, satisfies these constraints. The factor in front of the term N 2 i δN 2 does not depend on the parameters a and b, so there is no way to remove this by fine tuning these parameters. This is consistent with the conclusion of ref. [18] that the sixth state cannot be avoided at the quartic order.
Higher derivative scalar actions and ghosts
In the next Section we employ the Stückelberg formalism to investigate the properties of the sixth state in more details. To facilitate that discussion, we give here a rather generic discussion of higher derivative scalar field theories that incorporate ghosts.
Consider a field theory with higher derivative terms. Only higher time derivatives can be responsible for the appearance of additional (ghost) states, hence we are only interested in them. We caution that looking at full manifestly Lorentz expressions can be misleading, since a given higher time derivative term can come from different Lorentz structures. Therefore, we could have potentially dangerous higher derivative interactions in the model, which nevertheless -due to cancellations of the parts containing the time derivatives -do not lead to ghosts. This possibility has been overlooked in the literature, as we discuss in the next Subsection.
With this in mind, let us focus on the following scalar field theory
The function K has an arbitrary dependence onφ (i.e. the second time derivative of φ ) and possibly on other fields, even though this is not made explicit in the notation. We can express this theory in an equivalent form
with the introduction of the Lagrange multiplier ρ. The field λ appears in (52) as an auxiliary field, since there are no derivatives acting on it; its equation of motion is purely algebraic
where the prime denotes a partial derivative with respect to λ. In general, the function K ′ (λ) admits locally an inverse k(x), i.e.
Hence, we can formally write the solution of the equation of motion of λ as λ = k(ρ− 1 2 φ) . Substituting this back into (52), we get a theory with two scalar fields φ and ρ (and possibly other fields that we have suppressed in the notation) described by
Notice that the kinetic term of the φ, ρ system is purely mixed. To understand its meaning, we rewrite it into a matrix form
It is now obvious how to diagonalize the kinetic terms. In particular, we see that the eigenvalues of the matrix are ±1 , hence this system necessarily contains a ghost.
Notice that, for a scalar field theory with a regular kinetic term, K = K ′ = 0 . The resulting algebraic equation (53) for λ reduces to: ρ − 1 2 φ = 0 . Hence we can equivalently represent the theory using the original field φ or ρ . In particular, in neither description a ghost state is encountered. These conclusions remain essentially unchanged as long as K ′ is not invertible. Hence we conclude from the analysis in this Subsection, that unless K is at most linear inφ , the theory necessarily contains a ghost.
Stückelberg analysis of ghosts
The properties of the sixth state were studied in [18] also through the Stückelberg formalism. This state is not encoded in the fields (f µν , a µ and φ), but it emerges as an additional polarization once the higher derivatives are included. For this, in fact, only higher time derivatives are relevant: As the previous Subsection demonstrated, higher time derivative terms can be rewritten as interactions of fields with at most a single time derivative by introducing new fields. In particular, we confirmed that, for any function K of quadratic or higher order inφ, this state is necessarily a ghost, i.e. a state with a kinetic term of the wrong sign, so that its energy is not bounded from below.
When we analyze the model (11) (or its generalization (44)) using the Stückelberg formalism, the ghost is found to arise both from tensor-scalar and vector-scalar interactions. The responsible vector-scalar interaction that results in higher time derivatives for the scalar (and, hence, the ghost) is
see eq. (45). The second term in this expression does not lead to a ghost, since it involves only a single φ c 00 . When it is replaced by the auxiliary field λ, this term still leads to a constraint analogous to (53) (for same reason also the term φ ,00 F 2 , which is present in the action, does not lead to a ghost).
On the contrary, the first term leads to a ghost, since it turns λ into a regular auxiliary field, which does not force a constraint. The tensor-scalar interaction
which is obtained by inserting the expression (B.12) into the "mass term" (32), also results in a ghost at the quartic level. (This interaction is not included in eq. (45), since it does become strong at a scale higher than Λ 3 .) We verified that both the structures (57) and (58) emerge from the term N 2 i δN 2 responsible for the ghost in the ADM formalism. To relate the degrees of freedom in the two formulations, one can apply a Stückelberg transformation to an arbitrary metric g, and then equate the result to the metric in the ADM formulation,
order by order in perturbation theory. We conclude this Section with a final note on the study of the ghost with the Stückelberg formalism performed in [18] . They introduced a very specific cubic term (denoted by L 3 ) which cancel the cubic interactions involving only scalar modes. This was claimed to be a necessary step to avoid the ghost to appear already at cubic level. However, we believe that this requirement is too strong. Indeed, adding this term removes all higher derivative interactions among the scalars (at cubic order), and not only higher time derivatives. However, there is no need to cancel also higher spatial derivatives, and hence there is actually more freedom in the terms which can be present at cubic order without leading to a ghost.
The model we are studying provides a clear example of this. The first line of eq. (45), obtained with the Stückelberg procedure, contains several terms which potentially have higher time derivatives acting on the scalar φ c . However, once we sum the different Lorentz structures, we do not obtain any higher then first order time derivative. For example, for the terms with three φ c , the part with more than two time derivatives
vanishes identically. We again stress that only time derivatives are important to determine whether a dynamical field is present. (It is worth noting in this context that also the ADM formalism explicitly breaks manifest Lorentz invariance from the onset.) This shows that there is more freedom in extending the FP mass term, without leading to ghost at cubic level, than was argued in [18] based on the Stückelberg computation. However, this does not affect the main conclusion that the ghost necessarily appears at quartic level.
Appendixes

A Properties of ABCD
In this Appendix we collect various helpful properties of the angular bracket ABCD defined in eq. (4) . First of all the ordering of the matrices A, . . . , D is irrelevant in this expression, because of the two Levi-Civita tensors in its definition. For the same reason, this product is invariant under the simultaneous transposition of all four matrices. As we remarked in the main text, it generalizes the notion of a determinant, in the sense that A 4 = det(A) = |A| . However, A 2 B 2 cannot be written as a determinant. The property of a determinant, that the determinant of a product of matrices is equal to the product of their determinants, generalizes to (aAb) (aBb) (aCb) (aDb) = |a| ABCD |b| , (A.1)
for any matrices a, b, A, B, C, D . The angular bracket can be rewritten in terms of traces [A] = η ab A ba ; the resulting expression is rather involved 
However, when some of its entries are equal to the Minkowski metric η , its expression simplifies considerably: then, by the anti-symmetry with respect to the exchange of any two of the p α , p β , p γ , p δ inside the bracket expression, we find ABCD = ηABC = η 2 AB = 0 .
B Perturbative expansions
This Appendix is devoted to some technical details of the perturbative expansions, that we use in the main part of the text to determine the interactions of the massive gravity theory in the Stückelberg formulation. The interactions are encoded in the expression (32), where the matrix Π is defined in eq. (33). The first step for the computation of Π is to determine L from eqs. (19) . Since the interactions of the graviton are determined by an expansion around the Minkowski background, we consider the infinitesimal general coordinate transformation 1 1 + ǫ η −1 = ∂x ∂y e η −1 , (B.6) and we expand L = n L n in a power series in ǫ and its transpose (more accurately, L n is a sum of monomials of degree n, where each of the monomials is a product of ǫ and its transpose). Using this expansion, eqs. (19) can be rewritten as as two recursion relations
which, altogether, determine L order by order in the expansion. From this condition, and from taking L = η when the change of coordinate is trivial (ǫ = 0), we find the recursive solution 8) where the last term in parenthesis must be evaluated only for n > 1 . This determines L uniquely; up to cubic order, the explicit solution reads
In this expression the presence of η −1 between any two consecutive ǫ or ǫ T is understood. We can now use this information to determine the matrix Π = η + Π 1 + Π 2 + Π 3 + . . . , see (33), where the subscript indicates the order in which the graviton f (before Weyl rescaling) and the pion field π appear in this expression. In fact, in this work we only need the expansion up to third order: We must evaluate the interaction term (32) up to quartic order in the fields, since we are at most interested in four point interaction vertices. However, since one of the two factors entering in (32) does not have a background part, it is sufficient to expand Π at cubic order in the fluctuations. From the definition (33), we see that we need to invert L up to cubic order. The inversion up to cubic order in ǫ is obtained in a straightforward manner from (B.9). However, one has then to realize that ǫ itself is an expansion series in terms of the fields which are contained in f and π . Therefore, we must now expand ǫ at cubic order in the physical fields. This is done expanding the definition of ǫ , eq. (B.6), where (in matrix notation) e = η + f , while π enters in the inverse of ∂x/∂y as written in (34). The expansion up to cubic order for ǫ reads 
C Exact expressions
In addition to the perturbative expansions presented in the previous Appendix, it is also possible to derive closed exact expression. 
